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I. INTRODUCTION
Teleparallel gravity can be interpreted as a gauge theory for the translation group [1] [2] [3] [4] [5] .
Due to the peculiar character of translations, any gauge theory including these transformations will differ from the usual internal gauge models in many ways, the most significant being the presence of a tetrad field. On the other hand, a tetrad field can be naturally used to define a linear Weitzenbök connection, which is a connection presenting torsion, but no curvature. A tetrad field can also be naturally used to define a riemannian metric, in terms of which a Levi-Civita connection can be constructed. As is well known, it is a connection presenting curvature, but no torsion. It is important to keep in mind that torsion and curvature are properties of a connection [3] , and that many different connections can be defined on the same space [4, 5] . Therefore one can say that the presence of a nontrivial tetrad field in a gauge theory induces both a teleparallel and a riemannian structure in spacetime. The first is related to the Weitzenbök, and the second to the Levi-Civita connection.
Teleparallel gravity is a gauge theory for the translation group [1] [2] [3] [4] [5] whose gauge connection for this group is given by A = e a P a . The corresponding covariant derivative is then given by Dφ = (dx a + e a ) ∂ a φ = h a ∂ a φ and the 2-form torsion is given by
where h a = Dx a = dx a + e a is the called tetrad field (see Appendix A) and K ab is the so called one-form contorsion. The (3 + 1)-dimensional action for teleparallel gravity, also known as the teleparallel equivalent, given by Eq. (14) of Ref. [4] can be then written in the form (see also [6, 7] )
Using the identity Dε abcd = 0, it is possible to show that the action (1) can be written as
Since δh a = 0 (see Appendix B), we have that the action (1) is invariant under local translations and by construction is invariant under local Lorentz rotations and diffeomorphism.
This means that the action (1) is genuinely invariant under the Poincaré group and under diffeomorphism.
The purpose of this paper is to find the teleparallel equivalent of the d-dimensional Euler classes and to show that the teleparallel equivalent of the Lanczos-Lovelock gravity action is (i) generated by dimensional continuation of the Euler characteristics associated to all the lower even dimensions; (ii) is invariant under the Poincare group as well as diffeomorphisms.
This paper is organized as follows: In Section 2, we briefly review the foundations of the so-called teleparallel gravity theory developed in Refs. [1] [2] [3] [4] [5] . In Section 3, we will make a short review about the Lanczos-Lovelock gravity theory. Section 4 contains the results of the main objective of this work, namely: to find the teleparallel equivalent of the d-dimensional
Euler characteristic and to show that the teleparallel equivalent of the Lovelock gravity action is generated by dimensional continuation of the Euler characteristics associated to all the lower even dimensions. In this section it is also found that the teleparallel equivalent of (i) the d-dimensional Euler characteristic is a closed form and gauge invariant; (ii) some interesting particular cases related to the choice of Lovelock lagrangian coefficients are invariant under the Poincare group as well as under diffeomorphisms. We finish in Section 5 with some final remarks and considerations on future possible developments.
II. TELEPARALLEL GRAVITY
The fundamental field of a gauge theory is the connection. Objects with a well defined behavior under local transformations are called covariant under those transformations. It is a remarkable fact that usual derivatives of such covariant objects are not themselves covariant. In order to define derivatives with a well defined tensor behavior, it is necessary to introduce connections A µ , which behave like vectors in what concerns the space-time index, but whose non tensorial behavior in the algebraic indices just compensates the non tensoriality of ordinary derivatives.
Connections related to space-time groups, such as the Lorentz group, are called linear connections, have a direct relation with spacetime because they are defined on the bundle of linear frames, which is a constitutive part of its manifold structure. These bundles have some
properties not found in the bundles related to internal gauge theories. For example its these bundles exhibits soldering, which leads to the existence of torsion for every connection [13] . 
from where
The inverse relation is, consequently,
where ∇ µ is the usual covariant derivative in the connection Γ ν µρ , which acts on external indices only.
A. Curvature and Torsion
Curvature and torsion are properties of connections [13] , not of space itself. This becomes evident if we note that many different connections are allowed to exist on the very same spacetime [4] . Of course, when restricted to the specific case of General Relativity, where only the Levi-Civita connection is present, universality of gravitation allows it to be interpreted together with the metric, as part of the spacetime definition.
The curvature and torsion tensors of the connection A a b are defined respectively by
This means that the the curvature and torsion tensors for the connection A a cν are given by
which can be written also as
B. Decomposition of the connection
From metricity condition we have
Using the cyclicity of the indices and the identity Γ
is the tensor torsion, we find that a general linear connection can be decomposed according to
whereΓ β µν is the torsionless Christoffel or levi-Civita connection, and
is the contorsion tensor.
In terms of the spin connection A a bν , this decomposition takes the form 
Torsion in anholonomics coordinates
From Eqs. (6), (92), (93), we can see that
This means that
or equivalently
C. Gravitational Coupling
From Appendix B we known that the full gravitational coupling prescription is composed of two parts:
(1) the first correspond to the universal, translational coupling prescription, which is represented by
(2) the second correspond to the non-universal spin coupling prescription
Put together, they yield the full gravitational coupling prescription,
Equivalently, we can write
It is important keep in mind that this is the gravitational coupling procedure that follows from the general covariance principle, i.e., from the strong equivalence principle (see Appendix B).
D. Connections
It is a known fact that the general covariance principle does not determine uniquely the Lorentz connection A ab µ . In fact, from the point of view of the coupling procedure, the connection can be chosen freely among the many possibilities, each one characterized by a connection with different values of curvature and torsion. Due to the identity (15) we have that any one of the choices will give rise to a coupling procedure equivalent to the coupling prescription of General Relativity.
However, there is a strong constraint that must be taken into account. Considering that the source of gravitation is the symmetric energy-momentum tensor, which has ten independent components, the gravitational field equations will be constituted by a set of ten independent differential equations.
The choice of the connection is therefore restricted to not exceed ten independent components, otherwise the field equations will be unable to determine it univocally. There are only two choices that respect this constraint.
General relativity connection:
The first case involves choosing a connection without torsion, i.e.,
so the coupling procedure is given by
or equivalently,
whereD µ is the covariant derivative corresponding to connectionÅ ab µ . Since the connectionÅ ab µ is completely determined by the spacetime metric, no additional degrees of freedom is introduced by this choice. In fact, the linear connectionΓ ρ νµ corresponding toÅ ab µ is just the Christoffel connection of the metric g µν :
The gravitational theory based on such connection is general relativity. 
where the quantities related to teleparallel gravity will be denoted with a point ·.
The gravitational theory corresponding to this choice is just teleparallel gravity. In this theory, the gravitational field is fully represented by the the gauge potential e 
Alternatively, one can write
whereD µ is the covariant derivative corresponding to the connectionsȦ
cµ . Due to identity (15) , this coupling procedure is equivalent to the coupling prescription of general relativity. However, the gravitational theory based on the spin connection (30), although physically equivalent to general relativity is, conceptually speaking, completely different. In particular, since that connection represents inertial effects only, the gravitational field in this theory turns out to be fully represented by the translational gauge potential e a µ , as it should be for a gauge theory for the translation group.
Curvature versus Torsion
The curvature of the teleparallel connection (30) vanishes identicallẏ
For a tetrad involving a non trivial translational gauge potential e a , i.e., for h a =Ḋx a +e a , the torsion is non-vanishingṪ
This connection can be considered a kind of "dual" of the general relativity connection, which is a connection with vanishing torsion. In fact, from (4) we can see thatT
, which can be also written as
but no-vanishing curvatureR
The linear connection corresponding to the spin connectionȦ a bν is given bẏ
which is the so-called Weitzenböck connection. Its definition is equivalent to the identity
In the class of frames in which the spin connectionȦ a bµ vanishes, it becomes
which is the absolute or distant parallelism condition from where teleparallel gravity got its name.
The Weitzenbock connectionΓ ρ µν is related to the Levi-Civita connectionΓ
In terms of it, the Weitzenböck torsion is written aṡ
whereas the (vanishing) Weitzenbock curvature is given bẏ
III. LANCZOS-LOVELOCK GRAVITY THEORY
The simplest action for a gravitational theory satisfying the requirement to be invariant under local Lorentz transformations and general coordinate transformations can be written in terms of the vielbein e a and the spin connection ω ab which enters through the curvature R ab . To find the mentioned action we remember that the differential forms are invariant under general transformations of coordinates and under transformations of Lorentz. So we can postulate that in n dimensions the searched Lagrangian is given by an n-form, which when integrated into the variety leads us to action,
where we can see that L n can be understood or interpreted as a Euler class dimensionally continued
A. The Euler classes
Let M be a 2p-dimensional orientable Riemannian manifold and let T M be the tangent bundle of M. We denote the curvature by R ab . It is always possible to reduce the structure group of T M down to SO(2p) by employing an orthonormal frame. If M is a 2p-dimensional surface, then the Euler class is given by in terms of curvature as
where ε a 1 a 2 ···a 2p are invariant tensors under the Lorentz rotation group SO(2p).
If p = 1, the Euler class is given by
where ε ab are invariant tensors under the Lorentz rotation group SO(2).
In a four-dimensional M manifold the Euler class has the form
where ε abcd are invariant tensors under the Lorentz rotation group SO(4).
In the case that M is a six-dimensional manifold we have that the Euler class is given by
B. Lanczos Lovelock action
Theorem [Lovelock, 1971] : The most general action for the metric satisfying the criteria of general covariance and second-order field equations for d > 4 is a polynomial of degree [d/2] in the curvature known as the Lanczos-Lovelock gravity theory (LL) [14, 15] .
The LL lagrangian in a d-dimensional Riemannian manifold can be defined as a linear combination of the dimensional continuation of all the Euler classes of dimension 2p < d [16, 17] :
where α p are arbitrary constants and
with
The expression (46) can be used both for even and for odd dimensions.
The large number of dimensionful constants in the LL theory
are not fixed from first principles, contrast with the two constants of the Einstein-Hilbert action.
In Ref. [18] it was found that these parameters can be fixed in terms of the gravitational and the cosmological constants, and that the action in odd dimensions can be formulated as a gauge theory of the AdS group, and in a particular case, as a gauge theory of the 
where we have defined
Here T a = de a + ω a b e b is the torsion 2-form. Using the Bianchi identity one finds [18] Dε a =
Moreover
From (52) and (53) one finds for d = 2n − 1
where for any dimensions, l is a length parameter related to the cosmological constant by 
where
The comparison between (53) and (55) leads to [18] 
With these coefficients the LL action, in the same way as the Einstein-Hilbert action, is invariant only under local Lorentz rotations.
D. Theories described by a generalized action
In Ref. [19] was found a class of gravitational theories described by the action
and where L p is given by
where 
exists only for d > 4 : in five dimensions this theory is equivalent to Chern-Simons; for d = 6
it is equivalent to Born-Infeld and for d = 7 and up, if defines a new class of theories.
At the end of the range, k = [(d − 1)/2], even and odd dimensions must be distinguished.
When d = 2n − 1, the maximum value of k is n − 1, and the corresponding lagrangian of the action
is a Chern-Simons (2n − 1)-form. This action [18] is invariant not only under standard local Lorentz rotations
but also under a local AdS boost
For d = 2n and k = n − 1, the action is given by
This action [18] is invariant under standard local Lorentz rotations but it is not invariant under local AdS boosts.
IV. TELEPARALLEL EQUIVALENT OF EULER CLASSES
In this section we will consider the teleparallel equivalent of 
so thatṘ
On the other hand, introducing (15) into (68) we have
The equations (68) (69) will be used to obtain the teleparallel equivalent of the so-called
Euler classes. For this we must remember that the curvature corresponding to the connectioṅ A ab is zero. From (68) we see that
We know that if M is a 2n-dimensional surface, then the Euler class for the Levi-Civita connection is given by
From (70), we have
which can be written in abbreviated notation in the following way:
Using the binomial theorem
we can write
whereKK ≡K a cK cb andDK ≡DK ab .
Consider now some particular cases .
A. Euler Class in two dimensions
This case corresponds to the n = 1 case of (75). In fact, for n = 1, we have
. So that, we can write
B. Euler Class in four dimensions
We are now in the case n = 2 of (75). In fact, for n = 2, we have so that
expression that can be written as,
where we have used
This means
Given thatDK 
c 3 a 4 = 0. Therefore,
C. Euler Class in six dimensions
This case corresponds to the n = 3 case of (75). In fact, for n = 3, we have
D. Euler Class in eight dimensions
If n = 4 in (75) we obtain 
where denotes the symmetrized trace and where
where in the last step we have used a property of the symmetric trace.
Let us now consider the teleparallel equivalent for Euler's class in 2n dimensions, which is given by
This form is a closed form. In fact,
So that
Let us now show that (80) is gauge invariant. In fact, the variation of e 2n (M) is given by
a =Ḋh a and δh a = 0, we have δṪ a = 0. So that δK a c = 0 and therefore
This means that the teleparallel equivalent of the Euler topological invariant
is a 2n-form satisfying the condition dP 2n = 0. According to the Poincaré lemma, we can write P 2n = dC 2n−1 , where C 2n−1 is a (2n − 1)-form that we will call the teleparallel equivalent of the Chern-Simons form.
V. TELEPARALLEL EQUIVALENT OF LANCZOS-LOVELOCK ACTION
We have seen that the Lanczos-Lovelock action is given by a linear combination of all the dimensionally continued Euler classes of dimension 2p < d. Let us now consider the construction of the teleparallel equivalent of the 2p-dimensional Euler classes dimensionally continued to d > 2p dimensions.
(a) The two-dimensional Euler class dimensionally continued to d dimensions is given by
given by
Teleparallel equivalent of Lovelock gravity action: we define the teleparallel equivalent of the Lanczos-Lovelock gravity action by a linear combination of dimensionally continued Euler classes. This action can be written in the form
and [(d/2)] is the integer part of (d/2). The coefficients α p , with
arbitrary real constants that are not fixed from first principles.
From (83, 84) we can see that: (i) for p = 1 we obtain the equations (30) and (23) of references [21, 22] ; (ii) for p = 2 we obtain the results given by the equations (47) and (35) of references [21] and [22] ; and (iii) for p = p we obtain the result given by the equation (54) of Ref. [22] when we replaceDK byḊK − 2KK.
On the other hand, following the same produce it is possible to obtain the teleparallel equivalent of the actions (62, 63, 66 ) introduced in Ref. [19] . In fact, for the action (62) we find
which exists only for d > 4.
For the action (63) we have
Finally, for the action (66) the parallel equivalent is given by
From (82) we can see that the actions (83, 85, 86, 87) are invariant under gauge translations. This means that these actions are invariants under Poincaré group and diffeomorphism.
VI. CONCLUDING REMARKS
In this article we have found that the teleparallel equivalent of the d-dimensional Euler classes and then it is shown that the teleparallel equivalent of the Lanczos-Lovelock gravity action is generated by dimensional continuation of the Euler characteristics associated to all the lower even dimensions, which are invariant under the Poincare group as well as under diffeomorphisms.
-
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VII. APPENDIX A: LINEAR FRAMES AND TETRADS
We are going to use the greek alphabet (µ, A frame field provides, at each point p ∈ R 3,1 , a base for the vectors on the tangent space
Of course, on the common domains they are defined, the members of a base can be written in terms of the members of the other. For example, e a = e Consider now the spacetime metric g, with components g µν , in some dual holonomic
A tetrad field h a = h µ a ∂ µ will be a linear base which relates g to the tangent space metric η = η ab dx 
so that
shape under general coordinate transformations. To make an equation generally covariant, it is necessary to introduce a connection which, in principle, is related only to the inertial properties of the coordinate system.
In the case that only transformations of coordinates are involved, then a vacuum connection is enough, that is to say with null curvature and zero torsion. The use of the equivalence between inertial and gravitational effects allows replacing the (vacuum) connection with a connection that represents a true gravitational field.
The important thing here is to keep in mind that: the equations have the same form for both empty and non-empty connections. This means that the valid equations in the presence of gravitation are obtained from the corresponding valid equations in special relativity.
This means that the principle of general covariance can be understood as an active version of the principle of equivalence in the sense that, by making a special-relativistic equation covariant and then using the strong equivalence principle, it is possible to obtain the form of such equation in the presence of gravitation.
On the other hand, the usual form of the equivalence principle can be interpreted as the passive version of this principle: the special relativistic equation must be recovered in a locally inertial reference system.
It should be emphasized that general covariance by itself is empty of physical content, in the sense that any equation can be made generally covariant. Only when the local equivalence between inertial and gravitational effects is used, and the compensating term is re-interpreted as representing a true gravitational field, the general covariance principle can be seen as an active version of the principle of strong equivalence [24] .
The description we have made up to now of the covariance principle is known as the holonomic version of this fundamental principle. An alternative and more general version of the general covariance principle can be obtained using non-holonomic frames. The fundamental difference between the two versions is that, instead of requiring an equation to be covariant under a general coordinate transformation (holonomic frames), in the anholonomic-frame version the equation is required to be covariant under a local Lorentz transformation of the frame. The physical content of this version is the same as that of the holonomic version [25] .
The non-holonomic (non-coordinate) version of the general covariance principle is more general than its holonomic (coordinate) version, because the non-holonomic version is valid for both integer spin fields and half-integer spin fields.
The importance of the general covariance principle lies in the fact that this principle defines in a natural way a Lorentz covariant derivative, and therefore also defines a gravitational coupling procedure. The procedure for obtaining the coupling consists of two steps.
• The first step is to pass to a general anholonomic frame, where inertial effects appear in the form of a compensating term, where the inertial effects, which appear in the form of an empty Lorentz connection, are present.
• The second step is to use the strong equivalence principle to replace the inertial effects
given by an empty connection by a connection that represents a true gravitational field. This gives rise to the process of gravitational coupling.
B. Coupling Procedure
In gauge theories, the coupling prescription amounts to replace ordinary derivatives by covariant derivatives involving a connection. As an example, let us consider a gauge theory for the unitary group U(1). Under an infinitesimal gauge transformation with parameter α = α(x), a spinor field changes according to δψ = ψ ′ − ψ ≈ iαψ. The ordinary derivative ∂ µ ψ transform under U(1) as δ (∂ µ ψ) = iα∂ µ ψ + i (∂ µ α) ψ. This means does not transform covariantly, i.e., does not transform as a field.
In order to recover the covariance, that is to say that the field derivative transforms as a field, it is necessary to introduce a gauge potential A µ , which is a connection that takes values in the Lie algebra of the gauge group U(1).
The covariant derivative given by
transforms as
i.e., transform as a field provided that the gauge potential transforms as an abelian connection, i.e., as
This tells us that the coupling procedure consists of replacing the ordinary derivative with a covariant derivative
On the other hand, due to the fact that gravitation is not a background independent theory, the gravitational coupling procedure has two distinct parts.
• The first part is to replace the Minkowski metric η µν by a general pseudoriemannian metric g µν representing a gravitational field: η µν −→ g µν . This part is universal in the sense that it affects equally all matter fields. This follows naturally from the requirement of covariance under space-time translations.
• The second part is related to the coupling of the spin of the matter fields to the gravitational field, and is related to the requirement of covariance under Lorentz transformations. The coupling appears in the form ∂ µ −→ D µ , where D µ is a Lorentz covariant derivative. Obviously this part of the coupling is not universal in the sense that it depends on the spin content of each field.
Let us consider these two coupling procedures separately.
Translational Coupling: Under an infinitesimal gauge translation, the field ψ transforms according
and its ordinary derivative ∂ µ ψ transform as
that is, the derivative of the field does not transform as a field.
In order to recover covariance, it is necessary to introduce a gauge potential e µ , a 1-form assuming values in the Lie algebra of the translation group: e µ = e a µ P a , where P a = ∂ a are the infinitesimal translation generators which satisfy [P a , P b ] = 0.
A gauge transformation is defined as a local translation of the tangent-space coordinates, x ′a = x a + ε a , where ε a = ε a (x µ ) are the corresponding infinitesimal parameters. In terms of P a , it can be written in the form δx a = ε b P b x a . Using the general definition of covariant derivative, we have Dψ = (d + e)ψ = (d + e a P a )ψ.
From (99) we can see
is a nontrivial, (anholonomic) tetrad field. In fact, under a translation, the gauge potential transforms as an abelian connection, i.e., as
and, given that δx a = −ε a , we have
If we write the ordinary derivative ∂ µ ψ as
with e a µ = ∂ µ x a , the translational coupling prescription takes the form 
The change in the spacetime metric is therefore, a direct consequence of the translational coupling prescription.
